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Construction of analytic functions, which 
determine bounded Toephtz operators on 

and H~ 

Peyo Stoilov 

Abstract 

For / G H°° we denote by Tf the Toephtz operator on , defined by 

Tfh= [l^^dmiO, he HP. 

In this paper we prove some sufficient conditions for the sequences of num- 
bers a = {oin)n>Q ™ which the functions 

/ * a 'I/ ^ 

n>l 

determine bounded Toephtz operators Tj^q, on H^ and for ah / G H°° . 

1 Introduction 

Let A be the class of all functions analytic in the unit disk D = {(^ : |^| < 1} , m{Q - 

normalized Lebesgue measure on the circle T = {(^ : \C^\ = 1} • Let (0 < p < oo) 
is the space of all functions analytic in D and satisfying 

11/11^, = sup [\f{rC)rdm{C)<oo, < p < oo, 

0< r< 1 J J 
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||/||j^oc = sup \f{z)\ <oo, p = oo. 

Let M is the space of all finite, complex Borel measures on T with the usual 
variation norm. 

For // e M , the analytic function on D 

is called the Cauchy transforms of fi and the set of functions 

is called the space of Cauchy transforms. 

For rf//(C) = v{C)diTi{C), (p E LP, l<p<oo,we denote Kn{z) — K^{z) and 

KP = {feA: f = K^, ^eLP}, l<p<oo. 
By the theorem of M. Riez — for 1 < p < oo , however H^'^K^ , 

We note that K°° — BMOA (the space of analytic functions of bounded mean 
oscillation )[1]. 

For / e H°° we denote by Tf the Toeplitz operator on , defined by 

Tfh = Kj^{z) = / Zp^dm(C), h e HP. 
Jt i- — C,z 

By the theorem of M. Riez for 1 < p < oo the operator Tf is bounded on Hp 
for all / e But if p = 1 and p = oo not every function / e gives rise to 
bounded Toeplitz operator Tf on H^ and H°° . 

There is also an interesting connection between multipliers of the spaces K and 
RP , p = 1, oo and the Toeplitz operators. 

Let 3JI and WV be the class to all multipliers of the spaces K and Rp : 

m^ifeA: fgeR, ^geR}, 



TlP^ifeA: fgeRP, ^geRP}. 

Since Rp ^ Hp for 1< p < oo , then OTP' = for 1< p < oo. 
However 

Tl^m^'^H'^, Tl°°^H'^ 

and 

DJl = mi' = {f e H"^ : ||T/||^^ <oo}[3], 
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m'^^{feH°°: ||7>||^i < oo}[2]. 



Let's note, that more information, bibliography and review of results for the 
spaces K and 9Jl contains the new monograph [5] . 

Since 971 = m^^H°° , m^^H°° i.e. not all function f e give rise to 
bounded Toeplitz operators on and H°°, then naturally arises the following 
task: 

To describe thesequencesof numbers a — (ctn)jj>o ? for whichthe functions 



give rise to bounded Toeplitz operators Tf^^ on and H°° for all f e H°°. 

In this paper we prove some sufficient conditions for the sequences a = (Q;n)„>o 
in which Toeplitz operator Tf^a is bounded on and H°° for all / £ H°° . 
Further we will use the following important theorem: 

Theorem of Smirnov. 

Let < p < q , / e HP and has boundary values ( f & L*(T) ). Then 

feHi. 

We include also its proof for convenience of the reader. 

Proof. Since / e H^, then / = Bg , where S is a Blaschke product, g e and 
7^ in B . 

The function g^ e and applying the formula of Poisson to the function g^ we 



f *a = 



,n 



zeB 



n>l 



have 




From this formula, taking into account that 

\f{z)\ < \g{z)\ in D , |/(C)| = 1^(01 for almostevery C e T , 



follows 




If q = oo , then / G L-(T) and < ||/|Iloo(t) < oo. 

If q < oo , then applying the Holder's inequalitywe have 



Jt 



< 
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< ^ |/(C)r P.iOdmiOj ^ P.iOdmiOj = 

\fizW< [ 1/(01" P.iOdmiC). 
Integrating on the circle \z\ — r, 0<r<lwe obtain 

Jt Jt Jt IC — rr)\ 

Consequently / e if^.D 

2 Main results 

Let is the class of all functions / e for which 

-^(/J = ess sup / — j — —dm{Q < oo . 

ndf Jt K - m 

For / e 01 we denote 11/11^ ||/||^^ + A(/). 

Theorem 1. // / e 0^ , then Toeplitz operator Tf is bounded on (p = 
1, oo) and 

\\Tf\\Hr < ll/ll<n ■ 

Proof. The case p = oo is proved in [3,4] and is generahzed in [6] for the 
multipliers of the integrals of Cauchy-Stieltjes type in domains with closed Jordan 
curve. 

We shall prove the case p = 1 . 

Let / e 91 , h E . Let E be a subset with total measure (m (E) = 1) lying 
on T so that 

11/11^.= sup 1/(77)1. 

Then 

\\Tfh\\jji = sup / 

0<r<l JT 




dm{r]) 
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sup 

0<r<l 



III 



dm{r)) < 



< sup 

0<r-<l l,^T^T 




/(C) - firv) 



C-rrj 



< sup 

< r < 1 

We denote for ( e E 



\h{()\ dm{() d7n{r)) + J \f{rrj)h{rrj)\dm{rj)^< 
dm{v) + ll/ll^oc) Why, . 





/(C) 


- firr]) 




c 


— rr] 



Then 



|M^,< sup (||Fc||^, + 11/11^.) 



To end the proof is necessary to show- 



Since 



/ e 01 =^ sup ||F^||^i < oo. 



C-z 



and f eH'^ , then F^{z) e Hp {0 < p < 1) . 
Furthermore 

/em ^ sup llF^lliim < A(/) < oo 
and according to the Theorem of Smirnov 

F^{z) e , \\F^\\^, = Ili^cllLHT) < Mf) < oo . 
Consequently 



|7>||^, < sup (llFcll^, + 11/11^.) < A(/) + 11/11^. = 



< oo.n 
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Remark. We note that from the Theorem of Stegenga [2] characterizing a class 
of bounded Toeplitz operators on does not follow Theorem 1 for p — 1. 

Lemma l.[3] // Pn is a polynomial of degree n , then 

Ibnll^ <3 ||pn||^oclog(n + 2). 
Definition. A sequence a = (Q!n)n>o ^/ positive numbers is called concave if 

an+2 - Oin+l > Oln+l - <^ Qin " Soin+l + a;„+2 > 0. 

Theorem 2. Let a = {cin)n>o ^ monotone decreasing, concave sequence of 
positive numbers and 

II II def Oin 

\\a = > < oo. 

n>0 

Then f*a e , Toeplitz operator Tf^^ is bounded on and H°° for all f e H°° 
and 

< ||/*a||^< 12||/||^oc , p=l,oo. 
Proof. Using Abel's formula two times we obtain 

n>0 n>0 k=0 

n>0 

n 

= ^{(^n - 2an+i + an+2) ^log(/i; + 2). 

n>0 it=0 

Since 

n n ^ 

J]log(A; + 2)> log(A; + 2)>(n/2 + l)log([n/2] + 2)>-(n+l)log(n + 2), 

fe=0 k=[n/2] 



then 



^yv ^ Y](a„-2a„+i + a„+2)(r^ + l)log(n + 2). 



n>0 n>Q 

Further let / G and 
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n -. n 

Snif) = E = -— r E -^^(Z)- 

/ o n~ J- 

fc=0 fe=0 

Applying the Abel's formula we obtain 

n>0 n>0 

= ^{an- 2an+i + an+2){n + 1) (Tn(/). 

n>0 

Since by Lemma 1. 

< 3 ||<7„(/)||^^ log(n + 2) < 3 ||/||^^ log(n + 2), 

then 

||/*Qi|U < E("n ~ 2q;„+i + Q;n+2)(ri + 1) ||(7„(/)||^< 

n>0 

< 3 ll/lljyoo E(«n - 2q;„+i + an+2){n + 1) log(n + 2) < 

n>0 

^12||/||^ocE^ = 12 11/11^0. |H|<oo.n 
The following proposition follows at once from Theorem 2. 
Theorem 3. Let a denote one of the sequences {e > 0) ; 

n>0 



(n+ 1)^ 



1 



W+^(n + 2)y„>o' 
1 



log(n + 2) log'+^ log(n + 3) 



n>0 



Then f * a e , Toeplitz operator Tf^^ is bounded on and H°° for all 

f e 
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Remark. Theorem 3 was proved by another method in [3] ( Theorem 7. ) for 
the bounded Toeplitz operators Tf^^ on H°°. 

Theorem 4. Let the sequence a = (ttn)„>o satisfy the conditions of Theorem 
3. If the sequence a = {an)n>o ^ ' then there exists a function / e 91 , satisfying 



^ I I 7 



fin) 

where cq is an absolute constant. 



< Co ||q;|| ||a| 



Proof. By the Theorem of Kislyakov [7] if a — (an)„>o ^ ; then there exists a 
function / G H°°, satisfying 

I^HI > \an\ , Ibllijoo < B \\a\\p , 
where B is an absolute constant. By Theorem 2.3 f = g * a e and 



< 12 ||q;|| IIs'II^oo < i2B \\a\\ \\a\\p .□ 
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